In this paper we study the change of conformal structure induced by harmonic diffeomorphisms between Riemann surfaces. The main result of this paper is to answer the following question raised by R. Schoen (see [20] ): Is it true that Riemann surfaces which are related by a surjective harmonic diffeomorphism are necessarily quasiconformally related? We show that there exists a pair of Riemann surfaces of infinite topological type, which are related by a surjective harmonic diffeomorphism but which are not quasiconformally related. Also we characterize when the above question has a positive answer in the case of Riemann surfaces of finite topological type.
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Distortion of Riemann Surfaces VLADIMIR MARKOVIC In this paper we study the change of conformal structure induced by harmonic diffeomorphisms between Riemann surfaces. The main result of this paper is to answer the following question raised by R. Schoen (see [20] ): Is it true that Riemann surfaces which are related by a surjective harmonic diffeomorphism are necessarily quasiconformally related? We show that there exists a pair of Riemann surfaces of infinite topological type, which are related by a surjective harmonic diffeomorphism but which are not quasiconformally related. Also we characterize when the above question has a positive answer in the case of Riemann surfaces of finite topological type.
Introduction.
Suppose that R and S are two Riemann surfaces. In addition, assume that surface S is of hyperbolic type. That is the universal covering surface of S is the unit disc. Denote by p 2 \dw\ 2 the Poincare (or the hyperbolic) metric on S. Let / : R -> 5, be a map of the class C 2 . We say that / is a harmonic map of the surface R into the surface S with respect to the hyperbolic metric (in the rest of the paper just a harmonic map) if the following equation is satisfied /*z + 2(logpM/(z))/*/* = 0, where z and w are local parameters on R and S respectively and p 2 is the function of w. If map / is univalent we say that / is a harmonic diffeomorphism. If / is also surjective we say that / is a surjective harmonic diffeomorphism. All maps considered in this paper are of positive orientation.
The following question was raised in [20] .
Question 1 (Schoen).
Is it true that Riemann surfaces which are related by a surjective harmonic diffeomorphism are necessarily quasiconformally related?
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In other words this means that if / : R -> S is a surjective harmonic diffeomorphism of R onto S the question is whether we can find a quasiconformal map g : R -> S. Quasiconformal maps are often used to measure the conformal distortion between Riemann surfaces. A Harmonic diffeomorphism / does not have to be a quasiconformal map. Still, we want to know whether the change of conformal structure obtained by / is bounded in the sense of the Teichmiiller distance. The Teichmiiller distance in a natural way measures the distance between conformal structures.
The test case proposed by Schoen is as follows. Take R = C and S = D where C is the complex plane and D is the unit disc. It is well known that there is no quasiconformal map from C onto D or vice versa. So in order to study the above question, in this case we need to investigate whether there is a harmonic diffeomorphism from C onto D. This special case is a hard open problem and it has not been solved yet. But in the past 10 years several papers have been published in connection with this case. At present, the methods developed to study this case require certain assumptions on the growth of the map / near infinity. In particular it was proved in [10] and [11] that if the Hopf differential of the diffeomorphism / is a polynomial then the map / is not surjective. In the recent paper [6] the authors considered the case that the Hopf differential of the diffeomorphism / does not have to be a polynomial but rather to belong to some more general class of the entire functions. They showed that for a large class of entire functions the corresponding diffeomorphism / is not surjective. Also in [3] it was proved that under certain assumptions on the growth of the energy of the harmonic diffeomorphism / : C -t D the map / is not surjective.
The main result of this paper is to give the answer to Question 1. We prove this theorem by constructing an explicit example of surfaces i?, S and a surjective harmonic diffeomorphism / : R -> S such that R and S are not quasiconformally related. The surfaces in our example are of infinite topological type(infinitely generated fundamental group). It is not hard to imagine that besides the example we offer here there are many other examples of similar nature, once we restrict to Riemann surfaces of infinite topological type.
Let us roughly illustrate the idea for the construction of this example. Set S = C \ Z, where Z stands for all integer points on the real line in the complex plane C. The planar domain S is a hyperbolic Riemann surface. There are many harmonic diffeomorphisms defined on S. In particular there are many harmonic diffeomorphisms / : S -> R such that R is a punctured plane domain homeomorphic to S and such that / is symmetric with respect to the real axis. It is clear that every such diffeomorphism / extends over the punctures to the map defined on the whole complex plane (we call this extension / again and it is not necessarily surjective). In this paper we will show that the map /(which is harmonic on S) can be chosen to be a surjective diffeomorphism of the whole complex plane and still that R and S are not quasiconformally related. One of the issues is to find a criteria under which the diffeomorphism / is a surjective map. We resolve this by applying the recent results of Brakalova and Jenkins about the extended version of the solution to the Beltrami equation (see [7] , and Section 2. of the present paper). In particular we can construct the map / with the above properties and such that
Also we can construct the map / such that the expression in (1.1) approaches oo very slowly, and in particular slow enough such that / remains a surjective map. On the other hand, we will prove that the condition (1.1) implies that the domains S and R are not quasiconformally related.
Still we hope that we can find an appropriate class of surfaces such that the Question 1. has the positive answer. We believe that the class of Riemann surfaces of finite topological type is a proper choice. It is well known that every Riemann surface of finite topological type is conformally equivalent to a closed surface (of finite genus) with a finite number of discs and punctures removed. If we consider only closed surfaces, M.Wolf proved (see [25] ) that in the homotopy class of an arbitrary homeomorphism between closed Riemann surfaces there exists a harmonic diffeomorphism which is necessarily a quasiconformal map. Furthermore there is a natural parameterization of Teichimiller space by harmonic diffeomorphisms. From the point of view of Question 1. Wolf's theorems (see also [25] , [26] for further results) show that the amount of distortion which can be obtained by a harmonic diffeomorphism is bounded in the sense of the Teichrmiller metric. This provides the positive answer to Question 1. If in addition we remove certain number of discs and punctures from a closed surfaces we have a new type of situation. One such case is the above special case proposed by Schoen, where the considered Riemann surfaces are C and D. Another test case similar to the one proposed by Schoen is as follows. For 0 < r < 1 we set D* = D \ {0} and P(r) = {r < \z\ < 1}. We know that there is no quasiconformal map of D* onto P(r). The question is whether there is a surjective harmonic diffeomorphism of D* onto P(r). As it turns out there is no essential difference in considering this special case and any other case where surfaces of finite topological type are involved. This conclusion is summarized in the following theorem. Query. Is it true that if there is no surjective harmonic diffeomorphism from the complex plane onto the unit disc then every two Riemann surfaces of finite topological type which are related by a surjective harmonic diffeomorphism are necessarily quasiconformally related.
The rest of the paper is organized as follows. In Section 2. we recall and prove some facts about harmonic and quasiconformal maps. In Section 3. we construct a pair of planar domains of infinite connectivity to prove Theorem 1.1. In Section 4. we bring into the discussion surfaces of finite topological type and prove Theorem 1.2
Preliminary Results.
In this section we recall or prove certain facts about harmonic diffeomorphisms and quasiconformal maps which are needed for the proof of Theorem 1.1 and Theorem 1.2.
Suppose that R is a hyperbolic Riemann surface and / : R -> S a harmonic diffeomorphism(not necessarily surjective). Set
Here p 2 denotes the density of the hyperbolic metric on S. The expression Hopf(f) is called the Hopf differential associated to the map /. It is well known that since / is a harmonic map Hopf(f) is a holomorphic quadratic differential on the surface R. By QD(R) we denote the space of all holomorphic quadratic differentials on R. We also define
The expressions df and df are partial derivatives taken with respect to the hyperbolic metric on the image surface S and Belt(f) is the Beltrami dilatation of the map /. We set Hopf(f) = ipdz 2 and Belt(f) = n^. The following relation is the Bochner identity for harmonic maps We have an equivalent version of identity (2.1)
We refer to [21] for the background on harmonic maps.
In order to prove Theorem 1.1 we need to directly construct harmonic diffeomorphisms. Unlike the functions which are harmonic with respect to the Euclidean metric, in this hyperbolic setting there are no known representation formulas for harmonic maps similar to those which apply to ordinary harmonic functions. This makes the construction more difficult. But it turned out that we are still able to produce harmonic diffeomorphisms. In [24] T. Wan proved (see also [5] , [22] ) the following result The previous proposition guarantees the existence of a harmonic diffeomorphism for a given Hopf differential in the case of the unit disc. The map / need not to be surjective. It is likely that one can extend this last part of the Proposition 2.1 to the case of arbitrary hyperbolic Riemann surfaces. This means that if R is an arbitrary hyperbolic Riemann surface and ipdz 2 E QD(R) then there exists a Riemann surface S which is homeomorphic to R and a harmonic diffeomorphism / : R -> S whose Hopf differential is ipdz 2 . Also f{R) is a subsurface of S with the property that the the natural inclusion map of the fundamental group of f(R) into the fundamental group of S is isomorphism between these groups. For the existence of a harmonic diffeomorphism for a given Hopf differential in the case when the Riemann surface R is the complex plane we refer to [8] , [2] , [5] . In this paper we only need the following corollary of Proposition 2.1 and the Uniformization theorem.
Corollary 2.1. Let D* be the punctured unit disc and let ipdz 2 E Q.D(D*). Then there is a hyperbolic Riemann surface S which is homeomorphic to bfD* and there is a harmonic diffeomorphism (not necessarily surjective) f : D* -> S with Hopf(f) = ipdz 2 and which satisfies that \df\ = w is the solution to the equation (2.3). Also the natural inclusion map of the fundamental group of the subsurface /(D*) into the fundamental group of S is isomorphism between these groups.
Proof. Denote by tpdw 2 the lift the differential ijxlz 2 onto the upper half plane H + , obtained by the universal covering map TT : H + -> D*. Here by w we denote the complex parameter on H + . We may assume that the group G of the covering transformation acting on the upper half plane is the cyclic group generated by the translation T(^) = w + 1. We apply the Proposition 2.1 onto the lifted differential and let g be the resulting harmonic diffeomorphism of the upper half plane onto itself. The map g does not have to be surjective. As we said before, since \dg\ is the solution of the equation (2.3), the uniqueness implies that the Beltrami dilatation /i = Belt(g) satisfies the condition /i(T(u;)) = n{w). So if B is defined by
But we also know that B o / is a harmonic map with respect to the hyperbolic metric on the upper half plane. Therefore (see also [25] , [23] ) B has to be an isometry with respect to the hyperbolic metric and consequently a Moebius transformation. Also it is clear that B can not fix any point inside the upper half plane. We conclude that the cyclic group Gi generated by B is a covering group of the hyperbolic Riemann surface S. The corollary now follows from the fact that B = foTof- 1 . □
Recall that in this section we are assuming that R is a hyperbolic Riemann surface with the hyperbolic density cr 2 
|ete| 2 . The Bers space BQD(R) is a subspace of QD(R). The differential i/jdz 2 is said to belong to BQD(R) if peR
The Bers space is a Banach space with the Bers norm H^HB-Note that {a~2\ip\)(p) is a well defined function on R. The following proposition is proved in [24] .
Proposition 2.2. // R is a hyperbolic Riemann surface and i/sdz 2 G BQD(R) then there is a Riemann surface S and a surjective harmonic diffeomorphism f : R -> S such that Hopf(f) = ipdz 2 and \df\ = w, where u? is a solution to the equation (2.3) from Proposition 2.1. Moreover the map f is a quasiconformal diffeomorphism, that is we have
WBdtifiWoo < i.
Under the above assumptions the map f is uniquely determined.
The construction of a harmonic diffeomorphism for a given Hopf differential, it based on a method which establishes the connection between quadratic differentials on R and the Gauss maps of cross cuts in the Minkowski space. But in order to study Question 1. we need a criteria when the constructed harmonic map is actually surjective. In search for a proper criteria we analyze the well known Beltrami equation
The idea for the proof of Theorem 1.1 is to construct a harmonic diffeomorphism for the given Hopf differential ijidz 2 from QD{R) by properly solving the corresponding Beltrami equation. Since in this case we loose the condition that 11/i 11 oo < 1, we can not apply the classical solution of the Beltrami equation. Instead, as the sufficient conditions for surjectivity we use the results of Brakalova and Jenkins [7] . Under the appropriate assumptions these show that there is a proper solution to the Beltrami equation even when we have that ||//||oo = 1 (see Theorem 1, Proposition 3, and Proposition 5 in [7] )- In the above proposition the conclusion that the map / is ACL means that / is absolutely continuous on lines and therefore it is differentiable almost everywhere in the plane. As it is pointed out in [7] the condition (2.5) is essential for the map / to be surjective. In addition to the uniqueness part of the above proposition the fact that the map / is surjective is essential for our application. A suitable corollary of Proposition 2.3 from the point of view of our paper is the following. Proof. Since /JL is a continuous function and |/i| < 1 on every compact set in C we see that the condition (2.6) is automatically satisfied. The rest of proof follows from Proposition 2.3. □
Corollary 2.2. Suppose that ji is a continuous function in
We will also need a result about the continuity of the solutions of the equation (2.3). The following lemma is essentially proved in [24] (see also [22] ) but for the readers convenience we give the short proof. Proof. We prove this lemma in the case when the Riemann surface R is the unit disc. The general case then follows at once from the Uniformization theorem and the uniqueness part of Proposition 2.1.
Set
(p r (z) = ^(rz),ip nir (z) = ilj n {rz),z e D for 0 < r < 1. Note that both (p njr and </? r are in BQDCD) for every r. Now fix r < 1. Set
WPn^r -<Pr\\B = €n,r-
We have that e n)r -> 0 when n -> 0. Let a;^, a; r stand for the solutions of the equation (2.3) for </? nj7 . and ^r respectively. It was proved in [24] , [22] that uj nir -> u; r uniformly on compact sets in D for fixed r and when n -> oo.
On the other hand it is known (see Theorem 12 in [24] ) that for fixed n and when r approaches 1 we have uj n^ -> a; n and ccv -> u uniformly on compact sets in D. Now we can choose (by the standard diagonal trick) the sequence {r n }, r n -> 1 such that |u; n)rn -uj n \ -> 0 and |u; n)rn -UJ\ -» 0 on every compact set in D. D So far in this section we have stated results in connection with existence and surjectivity of harmonic and quasiconformal maps. For the purposes of the proof of Theorem 1.1 we also need a criteria which guarantees that the two homeomorphic planar domains (see the definition below) are not quasiconformally related. In the rest of this section we consider the following situation. Let R = C \ Z where Z is a set of all integers on the real line R. Let / : C -> C be a diffeomorphism (not necessarily harmonic) of the complex plane onto itself which preserves R. Set a^ = f(k) for each k E Z, A = /(Z) and S = C \ A. Then / is a diffemorphism of R onto S. Since / preserves the real line we have that a^ < a^+i) fo r each k. Let Proof. The proof is by a contradiction. Let us assume that s = oo and that there is a K-quasiconformal map g : R -> 5, for some K > 1. Of course, the map g does not have to satisfy the same boundary condition as the diffeomorphism /. Clearly the map g extends to the quasiconformal map of the complex plane onto itself. From the assumption s = oo, with no loss of generality, we conclude that there is a sequence of integers k n , n e N, such that (2.9)
When we say that we do not loose on generality that means that since s = oo we can find a sequence a^n such that either one of the four similar cases to (2.9) has to occur. All of them are to be treated in the same way as we will do with (2.9).
Denote by p n and q n the integers such that g(pn) -a>kn an( i oi^n) = a (/cn+i)-Next we define the maps h n : C -> C,n G N by We have that h n (Z(n)) = A(n) for each n. Since (q n -p n ) is a nonzero integer we have that Z is a subset of Z(n) for each n. Note that from the definition of the set A(n) it follows that the largest negative number in A(n) is On the other hand from (2.9) we conclude
Therefore we have the following situation. We have the normalized sequence of if-quasiconformal maps h n which satisfies that either 0 < h n (p) or
^n+i -ak n for every p G Z. By passing to a subsequence if necessary we find the Kquasiconformal limit map h : C -t C. By (2.11) we have that h satisfies that 0 < /i n (p) for every p G Z. Now we show that the quasiconformal map h with the above properties can not exist. Let We split the proof into several lemmas. The notation we introduce remains valid throughout the entire section. As in the previous section R is given by i? = C \ Z. Also a 2 \dz\ 2 denote the density of the hyperbolic metric on R. The domain R has an important property that it is invariant under the horizontal translations for integers vectors. That implies that the hyperbolic density a 2 \dz\ 2 is invariant under those translations. In this section we work exclusively with planar domains and we will drop the notation dz 2 for denoting quadratic differentials. Define the differential (p w by
Clearly for each w G Z we have (p w G BQD(R) as a function of z G R. Moreover all <p w have the same Bers norm. Let {pk}, k > 1, be an increasing sequence of nonnegative integers and C > 0 (we assume that the constant C is an arbitrary positive number, and its exact value is to be chosen later). Set
The idea of our proof is to show that there is a constant C and a sequence {pk} with the above properties , such that there exists a surjective harmonic diffeomorphism of R onto some plane domain 5, and where the Hopf differential of / equals ^, and such that the planar domains R and S are not quasiconformally related.
First we have to properly define the sequence {pk} and the constant C>0.
Remark 3.1. One can explicitly determine the sequence [pk] such that all needed conditions are satisfied. But that would involve proving some rather complicated estimates on the solution UJ of the equation (2.3) for the differential ^ from QD(R). One "advantage" of the inductive approach is that we can see better what lies in the heart of the matter. On the other hand an explicit example would give information of how fast the sequence {p k } grows.
So instead of directly defining the sequence {p^} we will define it inductively. Let n E N be a fixed number. Assume that p^, 1 < k < n is a set of integers which are indexed in the increasing order. For some C > 0 we define n (3.1) Mz) = cY,kv Pk (z) k=i for each p^, 1 < k < n. The follwoing lemma is the main step toward the construction of the differential if;. 
We have t/vi G BQD(R). Let cj n be the solution of equation (2.3) (from Proposition 2.1) for ip n e BQD(R) and let

<-> /^V^r-^^i)/'-^
Proof We first show that there is a large enough integer po such that for any p > po the conditions (3.7) and (3.8) are satisfied.
Let p -> oo. Then we conclude that that ip nj p -> ip n uniformly on compact sets on R. By Lemma 2.1 we have that the corresponding solutions uj n^ of the equeation (2.3) converge to a; n uniformly on compact set in R. From the definition (3.5) we see that the same conclusion holds for /i n) p and /i n . Now (p n and each (p njP are meromorphic function with at most first order poles at real integer points in the complex plane. Consequently it follwos from (3.5) and Proposition 2.1 that iJ>n,p(z) and /i n (^) tend to zero when z tends to the real integer point in the boundary of R. Therefore // n5 p converges to fj, n uniformly on compact sets in C. Since
2-
1 n < 2-1 n + 1 we find that /i n p satisfies (3.7) for each p large enough because /i n satisfies (3.4).
We show that (3. We have that lJ>n,p{z) -> ^n,p when p -> oo uniformly on D(p, t), for fixed t.
Then we obtain for each r m , m G N. There are two options. First option is that sequence r m stays bounded when m -> oo , say r m < rg. Similarly as we did before, we apply Lemma 2.1 and from the fact that ipn.pm -> ^n when m -> oo we see that (3.6) follows from (3.3) . This contradicts the assumption (3.9). Second option is that sequence r m is not bounded. By passing to a subsequence if necessary we may assume that r m -> oo. Let us obtain the contradiction to the assumption (3.9) . Rewrite the definition (3.5) as From the maximum principle for the hyperbolic metric and from the fact that the domain R is contained in the domain C \ {1,2,3}, we conclude that o'liz) < <J(Z) at every point z £ R. We find
Together the above relations give
By the definition (3.10) and the fact that
we conclude that there is a constant L n > 0 such that
for each p m and for each z which satisfies that |X^:(^)| > L.
As we already showed, the sequence of differentials ipn,pm has uniformly bounded Bers norm (the bound is independent of p m ). Then it is well known (see [24] , [4] , [6] ) that there is a uniform bound on the modulus of the dilatation /Jin^pm-That is, |/in,pj <q< 1 for some constant 0 < q < 1. Set Am = {\z\ < r m } H {z e C : \lmz\ > L}. Using (3.11) and the above uniform estimate \nn,p\ ^ 9, we estimate the integral from (3.6) as Since the assumption was that r m -> oo, from the above estimate we derive contradiction with (3.9) . This proves that (3.6) holds for every large enough integer p. Proof. Set pi = 1. First, it follows form [22] that we can find the positive constant C such that the following holds / rz^s 10^(2-1) {\z\<r} for each r > 0, and
Now we consecutively apply Lemma 3.1. At the n -th step, and for each n G N, we can choose a positive integer p n such that for each 1 < k < n and for /i n given by (3.2) we have that the following relation hold for each p^, 1 < k < n. If we return to the statement and the proof of Lemma 3.1, we see that we have to choose p n to be large enough, but on the other hand there is no bound on how large p n has to be. Because of this, at the each step of the way we can take p n large enough such that the inequality a-2 (zM n (z)-Ck<p Pk {z)\<(2-j^^ holds for z E {\z -pk\ < k} and each 1 < k < n. With this choice we have arranged two things. First, we have that the sequence of differentials ifrn given by (3.1) converges uniformly to ^ on compact sets in R and in particular xp is well defined. Second we have that
a-2 (zM(z)-Ck<p Pk (z)\<l
holds for z € {\z -pk\ < k} and for each k € N.
We now show that the sequence {p^} determined by (3.15) and (3.16) satisfies the rest of the assumption of this lemma. By applying Lemma 2.1 once again we see that /i n -» /x uniformly on compact sets in R (and consequently on compact sets in C). Now (3.13) and (3.14) follow from (3.15) and (3.16) respectively, once we let n -> oo. □
Lemma 3.3. Assume that ifj G QD(R) and n are given by the previous lemma. Then there is a planar domain S and a surjective harmonic diffeomorphism f : R -> S such that Hopf(f) = i/; and Belt(f) -/i. Moreover the diffeomorphism f preserves the real line R.
Proof. Let S n be the planar domain for which f n is the harmonic diffeomorphism f n :R->S n given by Proposition 2.2 where
The differential ip n has the form given by (3.1) where C > 0 and {pk}, 1 < k < n are determined by Lemma 3.1 and Lemma 3.2. Also we may assume that / n (0) = 0 and /n(l) = 1-For a moment we consider f n just as a quasiconformal diffeomorphism and we can forget that f n is a harmonic map. Note that the map f n extends to a quasiconformal diffeomorphism of the complex plane onto itself. We have that // n is a Beltrami dilatation of f n . The Hopf differential ^n takes the real values on the real line (except possibly at points from Z where it has at most first order poles). Therefore the Beltrami dilatation n n satisfies the symmetry condition and f n preserves the real line (moreover f n maps a symmetric points onto the symmetric points with respect to R). From the proof of Lemma 3.2 we know that Hn converges to /i uniformly on compact sets in C. Therefore, by passing onto a subsequence if necessary, we find that on each compact set in C the sequence f n converges to a quasiconformal diffeomorphism / whose Beltrami dilatation is /i. In general / is a diffeomorphism of the complex plane into itself because its Beltrami dilatation is a continuous function n (see [1] , [22] ). But from (3.16) we see that JJL satisfies the assumptions of Corollary 2.2 and by existence and uniqueness part of this corollary we conclude that the diffeomorphism / is surjective map of the complex plane onto itself. Also we see that / preserves the real line (it is also symmetric with respect to the real line same as each / n ).
It remains to find the domain S and to show that / is a surjective harmonic diffeomorphism of R onto S. Simply take S = f(R)-It is clear that the sequence of the domains S n converges to the domain S in the Hausdorff metric. This implies that Pn\d z \ 2 -^ p 2 \dz\ 2 on compact sets in upper and lower half plane (this convergence holds as well on the compact sets of the real line which do not contain boundary points of S and S n when n is large). Here Pn\dz\ 2 denotes the density of the hyperbolic metric on S n . Since f n and / are diffeomorphisms , and locally uniformly quasiconformal maps, and since // n -> p, locally uniformlly on i?, it is known (see [1] , [13] ) that the sequence of gradients of the maps f n converges locally uniformly to the gradient of / on compact subsets in R. From all this we see that the Hopf differential of / is equal ^ , that is
On the other hand it is well known (see [21] ) that a difFeomorphism defined on a Riemann surfaces is harmonic if and only if its Hopf differential is a holomorphic quadratic differential. This shows that / is harmonic and the proof of the lemma is complete. □ Lemma 3.4. The domains R and S defined above are not quasiconformally related.
Proof. We apply Lemma 2.1. First we have to prove that in this case the assumptions of Lemma 2.1 are satisfied.
Take a point p n from the sequence {pk}, k G N. Set
Note that a n <b n < c n . Define JfiCo(^) a s
Kv{n) = miK(g)
where K(g) is maximal dilatation of the quasiconformal map g and the infimum is taken with respect to all quasiconformal maps g which satisfies the boundary condition a n = g{p n ), b n = g(p n + 1), c n = g(p n + 2). First we show that Ko(n) -* oo when p n -> oo.
From Lemma 3.2 we conclude that
Here t > 0 is a fixed number and D(p n ,t) denotes the disc of radius t > 0 centered at the point p n (note that the first order poles of ^ do not interfere with this conclusion). In particular we have cr 2 |?/;|(z) -> oo, p n -» oo uniformly for z G D(p n ,t) fl i?. Let us show that |/i(^)| -» 1 when p n -> oo, uniformly on compact sets in D(p n ,£) fl R. This conclusion is essentially the consequence of the maximum principle introduced by Wolf and Minsky in [25] , [18] (see also [24] , [4] ). In particular we use techniques from [4] but details may vary.
Fix z n G D(p n , t) HR such that for two different points p n and p m we have that z n -z m is a real number such that is z m arises from z n by translating z n for the vector p m -p n . Define
where z G D(p n , t)ni2. From (3.17) it follows that ^>{z) does not have zeroes in any compact subset of D(p n ,t) for p n large enough (because ( Pp n (z) does not have any zeroes in C). This implies that P n is well defined on the disc D(2 n , d), which is contained in D(p n , t), for p n large enough. Here we define d > 0 to be the minimum of the distance from z n to the set of punctures of the domain R and the distance from z n to the boundary of D (^r i , d) . Since Zn -Zm -Pn -Pm we see that the distance d is the same for every z n . Function P n is known as the natural parameter for the differentials ip. By applying the Koebe and the Bloch theorems (in the same way it has been done in [4] ) we easily find an open set U n contained in 'D(z n: d) such that P n is univalent on U n , Pn{zn) = 0 and Pn(U n ) = D(0,r n ). D(0,r n ) is the disc centered at 0 of radius r n . In particular since and such that the metric space (D(0,r n ), -r^-r\dw\ 2 ) is a complete Riemannian surface. From the maximum principle proved in [24] (see also [22] , [10] ) it follows that \r) n \ < \u n \ at every point of D(0, r n ). On the other hand since r n -> oo when p n -> oo we know (see [21] , [4] , [23] ) that |r/ n (0)| -)► 1. Therefore we proved that for every point z n G D(p n ,t) we have |/x(^n)| -> 1 when p n -> oo.
Note that the diffeomorphism / and the quasiconformal maps g defined above take the same values at the points PmPn + l^n + 2. Therefore we may apply the fundamental form of the Reich-Strebel inequality (also called the Main inequality, see [19] , [9] ) to the maps / and g and to the quadratic differential (p Pn . The differential (pp n has only first order poles at the points PniPn + IjPn + 2, oo, as the differential on the Riemann sphere. In this case the Fundamental inequality has the form Ko(n) j \Vp n \ < j \<Pp n \ 1 ■ u ^ Remark 3.2. Note that the while g is a K-quasiconformal map, the diffeomorphism / is not a quasiconformal map. Therefore in order to apply the Main inequality in this setting we use the results (see [17] , [15] ) where the Main inequality was proved in this general setting without the restriction that the mappings we apply the inequality to, have to be necessarily quasiconformal(they still have to be univalent and quasiconformal on every compact subset of the underlying domain).
Note that In order to apply Lemma 2.1 to the harmonic diffeomorphism / : R -> S we need to show that the supremum s defined by the formula (2.8) equals oo. That directly follows from the fact that Ko(n) -> oo. Namely if s is a real number (and not equal oo ) we would have that the sequence an -6n + fen -Cn bn -Cji an "fen remains bounded when n -> oo. In this case it is elementary to directly construct the sequence of ifi-quasiconformal maps {g n } which satisfy an = gn(Pn),b n = g n (p n + 1), c n = g n (p n + 2), and where Ki is a constant which depends only upon the upper bound of the above expression . But this would imply K^in) < Ki < oo which is a contradiction. □ Theorem 1.1 is proved. □
Harmonic diffeomorphisms between surfaces of finite topological type.
In this section we prove Theorem 1.2. The notation we introduce below remains valid throughout the entire section. We already mentioned that every Riemann surface R of finite topological type is conformally equivalent to the Riemann surface obtained from some closed surface M of the finite genus g with n discs Di,l < i < n and m punctures pj,l < j <m removed. That is
Suppose that / : R -> S is a surjective harmonic diffepmorphism and assume that (i?, |c>/| 2 |Gfe:| 2 ) is a complete Riemannian surface. Set Hopf(f) = ipdz 2 . We note that \df\ is the solution of the equation (2.3) for the differential ipdz 2 . The Riemann surface S is of finite topological type as well. Moreover S is represented as
where TV is some closed Riemann surface of the same genus g and D
1^
1 < i < ni , Qj, 1 < j < mi are respectively the discs and punctured removed form JV. Since / is a homeomorphism we have that n + m = ni + mi. The necessary and sufficient condition for surfaces R and S given by (4.1) and (4.2) to be quasiconformally related (see [1] , [13] ) is that n = m and m = mi, and that the surfaces M and iV share the same genus g. So, in order to prove Theorem 1.2 we need to show that under the given assumptions we have that n = ni and m = mi. To do so we need to investigate the behavior of the map / near removed discs D; and punctures pj.
Let Ui be the subset of R such that Ui is conformally equivalent to the annulus P(r) = {r < \z\ < 1} in the complex plane for some 0 < r < 1 and such that the set UiWDi is a simply connected domain in the closed surface M. Let Vi = f(Ui). Since / is a homeomorphism we can find either disc D^ or a puncture qi from the representation (4.2) such that union of Vi with one of these two is a simply connected domain. This simply means that / maps the neighborhood of Di either onto a neighborhood of some disc or a neighborhood of some puncture from the representation (4.2). In the first case Vi is conformally equivalent to an annulus and in the second case Vi is conformally equivalent to the punctured unit disc D* = {0 < \z\ < 1}. Since / is a harmonic map it turns out that precisely one of these two cases can occur. Proof. Once again we denote by a 2 \dz\ 2 the density of the hyperbolic metric on R where z is the local parameter. Note that in this case R is a hyperbolic Riemann surface since we removed at least one disc from the closed surface M to obtain the Riemann surface R. Denote by p 2 \dw\' 2 the hyperbolic metric on 5 (of course S is a hyperbolic Riemann surface and the map / is harmonic with respect to the metric p).
Suppose that Vi is conformally equivalent to the punctured unit disc D* and let qi be the puncture such that Vi U qi is a simply connected domain in N. Then we have that the hyperbolic area of Vi is finite. Recall that | df | satisfies the Bochner identity (2.1). An equivalent form of (2.1) is the following formula Alog(|3/|) = |d/| 2 -|9/| 2 .
The right side of the above formula is exactly the Jacobian of / taken with respect to the hyperbolic metric on S. We have
Ui Ui
Let a : Ui -> P(t) be the conformal map such that \a(p)\ -» 1 when p approaches the boundary of R. Denote by 7t the pull back of the circle \z\ = t for every r < t < 1. Set JM-sb/msie/i it For to < t, the Green's formula yields
tl'(t)-tol'(to) = ^ I Alog(|d/|),
where G(t) is the region bounded by jto and jt an d / (t) is the derivative of I(t) taken with respect to the real variable t. From (4.3) and the above relation it follows that / (t) remains bounded when t -> 1. But this implies that I(t) remains bounded when t -> 1. That is impossible because the inequality 1 < a~~2\df\ directly implies I(t) -+ oo,£ -> 1. This proves the contradiction and we conclude that Vi has to be conformally equivalent to an annulus. □ Next we consider the case when Ui is the subdomain of i? conformally equivalent to the punctured unit disc D*. Also there is a point pi from the representation (4.1) and the set Ui U Di is a simply connected domain in the closed surface M. Let Vi = f(Ui). Again we have find that since / is a homeomorphism we can find either a disc D} or a puncture qi from the representation (4.2) such that union of Vi with one of these two is the simply connected domain in N. This simply means that / maps the neighborhood of pi either onto a neighborhood of the disc or a neighborhood of a puncture from the representation (4.2). In the first case Vi is conformally equivalent to an annulus and in the second case Vi is conformally equivalent to the punctured unit disc D* = {0 < \z\ < 1}. In this type of the situation we know that Vi can be conformally equivalent to the punctured unit disc but unlike the case we had in Lemma 4.1, without further assumptions we can not exclude the possibility that Vi is conformally equivalent to an annulus. We have Now we prove that the map g is surjective. Let 7 be an arbitrary smooth curve in Ui such that 7 does not remain in any compact subset of Ui, that is 7 has density points on the boundary of Ui. To prove that g is a surjective map it is enough to show that the hyperbolic length £,4(#(7)) in A is infinite. The domain Ui has the two boundary components, one of them is the point pi and the second one is some simple closed curve ui compactly contained in R. The first case we have to consider is when 7 has density points on ui. As a harmonic diffeomorphism the map / is the smooth and quasiconformal in some neighborhood Ui of ui which is compactly contained in R. Then there is a constant q < 1 such that \i/ < |/i| < q holds on Ui. We have dz dz lA{g(l)) = j \dgdz + dgdz\ = j \dg\ 7 7 > f \dg\{l -q)\d. The value of the last integral above is equal 00 because the metric whose density is given by |9p| 2 |d^| 2 is complete on U\.
The second case we have to consider is when the point pi is the density point of the curve 7. This is the place where we essentially use the assumption that the harmonic diffeomorphism / : R -* S is surjective. Namely in this case we have that the hyperbolic length Isifil)) of the curve 7(7) in S is infinite. We have ls{g{i)) = f\dfdz + dfdz\ = 00m
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Now we prove the inequality (4.5) \dfdz + dfdz\ < \dgdz + dgdz\, which immediately yields the conclusion ^((7(7)) > Isifil)) = 00. 
